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We address the effect of the errors occurring at the analatigfital \
converter (ADC), from quantization noise, circuit noispegure R N IO [T CE iy )
uncertainty and comparator ambiguity, on the accuracy n$@e
field reconstruction. We focus on the deterministic oversdarg of /
bandlimited sensor fields in a distributed processing envirent. )] e——
It has previously been shown that Pulse Code Modulation (PCM CREF (210
style sampling fails to decrease the quantization errovalsome
finite sampling rate. We show that the dither-based scheawe|d Figure 1: System for reconstructing sensor field.
oped to decrease the quantization error, fails to decreastom
errors associated with circuit noise, aperture uncestant com-
parator ambiguity. We propose an advanced dither-baseglis@m reconstructed in a stable manner from the samples takentlglig
scheme with the goal of reducing both kinds of errors by iasiegy above the Nyquist rate on a uniform lattice. In practice hawve
the density of the sensor nodes. It is based on distributiedgask the errors occurring in the ADC, namely quantization node,
of improving the quantization error and random error amdrgy tcuit noise, aperture uncertainty and comparator ambigo#ayse
nodes. The error of the scheme is shown tca(g}/—z) for over- unavoidable signal reconstruction errors. The only errectma-
sampling rate~. We also define the measure of efficiency as timésm present in an ideal ADC is quantization. This erroresig
maximum energy consumption in a node per bit gain and shaw tiee transformation of the analog input signal that may assany
the proposed scheme has measure of efficién@). Finally, the value within the input range of the ADC into finite precisionto
bit rate of the scheme @(W) and it offers robustness toput data. In physical ADC devices, on the other hand, theze ar
node failures in terms of a graceful degradation of recostiopn additional error mechanisms. Aperture uncertainty contesia
error. because an ADC does not sample the input signal at the precise
sampling time and location. Comparator ambiguity is dueht t
finite speed with which transistors in the comparator are &bl
1 Introduction respond to a small voltage difference.
Previous studies?] 10, 4, 8, 1] have focused on two sampling
Figure 1 illustrates a system for reconstructing sensor fiedthemes to reduce quantization error via oversampling i€&D
F(z,y,z,t) based on the quantized samplesLasensor nodes. Pulse Code Modulation (PCM) style sampling and dither-Base
Each nodei samples and quantizes the sensor field at locatsempling scheme. In PCM style sampling, the signal is samnple
(zi,vi,2:). The quantized samples are then sent over the camgularly at constant period and then quantized with a step
munication channel, which may have multiple hops, to a eéntThen the signal is reconstructed by low-pass filtering tligisace
controller. The central controller finally reconstructs freld. of quantized samples with cut-off frequency equal to thenalig
Increasing the density of the nodes in this sensor netwdtikgés bandwidth. In P], it is shown that the quantization error in this
expected to improve the accuracy of the reconstructed séakb sampling scheme can be modelled as a white noise indepeofdent
However, if all the error sources are not taken into consititen, the input if the quantization step is small enough and a seiffity
the configuration of the nodes may fail to provide any improgat large number of quantization levels is available. Accogdim the
above some density. This paper focuses on the accuracy ofwthée noise model, the conversion accuracy improves in q@rop
sensor field reconstruction based on the quantized sampthe otion to the sampling intervat. In [10], however, it is shown that
sensor nodes by considering all types of errors occurrintpet the accuracy improvement by a factoris valid only in a small
analog-to-digital converter (ADC) for bandlimited senfietds. range of parameterg and+ and the error does not tend to zero
Most physical signals are approximately bandlimited so lban as + decreases but reaches a floor level for some finiteThis
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2 SYSTEM MODEL 2

is reasonable since the quantization error becomes cauedasr Proposition 1: [7] For each A > 1, there exists a Aw-bandlimited

decreases. kernel g(z) suchthat C = sup,cx(>°,, l9(z — %)[*) < oo and
To improve the quantization error, a dither-based sampaigme 1 n n

has recently been proposed. Dither-based sampling is ased flz) =~ Z f(z)glz —<),Vz eR 1)
recording positions of quantization threshold crossingte in- ASTA A

put signal added to a deterministic dither functios] ghows that 1

the conversion accuracy improves in proportion-to Moreover, An exampley is sucAh thatg(ui)‘ = Ofor ju| > Am, g(w) = Var
representing quantization threshold crossing requirggafoga- (07 (@l < mand0 < g(w) < & form < fw| < Ar.

rithmic increase of the bit rate in contrast to PCM style stmgp -bit quantization perturbs the samplg$y) by e, such that
scheme. F(2) = f(2) + €n, in which |e,| < 2%, In [2], it is shown
The above schemes assume an ideal ADC so only quantizatiorihet the quantization error can be modelled as a white note- i
ror is present. It is not clear however how other sourcesmirer pendent of the input if the quantization step is small encagéh
affect the reconstruction performance. This paper aimgsciibe a sufficiently large number of quantization levels is avaléa Ac-
and analyze the effect of these random error sources in mwreabrding to the white noise model, the reconstructed meaarsq
tail. We show that a dither based scheme is successful atakecrerror is upper-bounded as

ing the quantization error by increasing the sampling ratefdils 1 —n n

to eliminate random errors. On the other hand, PCM style sam-  E(|f(z) — 3 Zf(x)g(x — X)|2) <027 %72 (2)
pling scheme fails to eliminate quantization error when she- n

pling interval decreases to a certain value but succeedsdreds- For g(z) = sinc(z), the upper bound 827

ing random error as the oversampling rate increases. Wes€oRowever, the white noise model is not asymptotically vafid ax-
an advanced dither based scheme that is successful at&ingn perimental results inl[0] demonstrate that for high oversampling
both quantization and random errors by combining PCM-siplé |4tj0s the error decay rate of the reconstruction is lowan tthat
dither-based schemes. implied by the white noise model since the quantization reipes
The rest of the paper is as follows. Sectiprgives the system ¢omes correlated. The error does not tend to zero as theanvers
model and explains PCM-style and dither based samplingisesie y|ing rate increases but reaches a floor level for some fiaite r
together with their quantization performance. SecBoimspects Therefore, the PCM-style sampling is not successful ateesing

random error sources and analyzes the performance of esetfe quantization error when the oversampling rate is abeestain
systems in reducing their effect on the signal reconswaddiccu- 5.

racy. Sectiord proposes a new sampling scheme to reduce both

guantization and random errors. Sect®analyzes the trade-off . .
between accuracy and energy consumption in the proposed %‘r% Dither-based Sampling Scheme

pling scheme together with the earlier ones. Secttbaad7 de- Dither-based sampling is based on recording the positiothef
scribes the bit rate to the central processor and robusbfeb® quantization threshold crossings of the functigfi:) added to
scheme to node failures respectively. SecBaroncludes the pa- a deterministic dither functior,(z) for b-bit quantizer and rate
per. A > 1. The goal of the dither functiod,(z) is to guarantee that
f(z)+ dp(z) has a quantization threshold crossing in each interval
n ntl) .. The number of nodes inside each of these intervals
2 SyStem Model 'EhAen ae?termines the sampling intervaso how accurate the loca-

tion of these crossings can be found.

The analysis of the sampling schemes is performed for 1-B SPRyure 2 shows an example df-bit dither sampling for sampling

tially bandlimited sensor field at a certain tie This field is rep- jntervalsr — L andr = L in parts a) and b) respectively. The

resented by (x) = F'(z, o, 20, to) for the rest of the paper. With-arrows show the locations after which there is a threshaldsing
out loss of generality, the fielfi(x) is assumed to belong to the s&}iinin + interval.
C, the set ofr-bandlimited signals with finite energy and amplitudget ;. pe the estimated threshold crossing inside intefyarL)
ller thanl, C = {f : f € L2(R), | fllw < 1, f(w) = 0, |w] > < un : :
sma Art, SR e = 4 , for n € Z. The sequencér,},cz is uniformly discrete, i.e.
7}, wheref denotes the Fourier transform 6f _ inf, kez.nzk|Tn — x| > 0. Since the lower uniform density of
The Nyquist period forf(z) is Tng = 1. The sampling rate {1, ., is equal toA > 1, it constitutes a stable sampling, i.e.
|s_assumed to ba > 1. T_he PC_M-ster_ angl dither-based samf(z) can be perfectly recovered frofiy (,,) }ncz provided they
pling schemes together with their quantization error pemnce are exactly accurat&]. The effect of the estimation error if(z,, )

are summarized in Sectio@sl and2.2respectively. on the reconstruction accuracy is now briefly explained fast -
bit then forb-bit dithered scheme.
2.1 PCM-Style Sampling Scheme The goal of the dither function in-bit dithered scheme is to

guarantee thaf(z) + di(z) has a zero-crossing in each interval
In PCM-style sampling scheme, the sigrfdlr) is reconstructed (%, nTH)nez- The dither function design has been explained in
from the samples at regular intervals= % {% }nez, with k-bit more detail in §]. An example appropriate dither is the sine func-

quantizer. tion, d(t) = ysin(Awt) wherey > 1.
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Figure 2: Dither based sampling fora)= ; b) 7 = &

2% nodes with1-bit ADCs are placed uniformly in each interva

(%, ™) to record the sign of the dithered sigrfdlr) + di () so

the sampling intervat = ﬁ Letm,, € [0,2%—1) be the smallest
index for which[f 4 d1|(% +m,7) and[f + d1](} + (m, +1)7)
have opposite signs. Then from the intermediate value ¢&meor
f(2n)+di(z,) = 0 atsome point,, € (¥ +m,T, §+(m,+1)7).
Forz, = m, + %, Ilf +dil(zn) = [f + dl}(% + 1) < (7 +
Az, — ZnT| SO

A

‘f(g +TnT g 3)
Proposition 2:  [4] Suppose inf;,.; ;. ,[t; — t| > 0 and
SUp,,czltn — §| < 0o, where A > 1. Then there exist interpolat-
ing functions ¢, With C" = supaer_,,c7 [t (x — tn)| < oo such

that for any 7-bandlimited function f (),

f(z) = Z f(tn)n(z —t,)

) = (a5 + )| < (m+A)

(4)

where +),, and C” do not depend on f. ,, are the functions associ-
ated with the sequence (¢, )nez.

By using this proposition witl,, = ¥ + x,,7, one can reconstruct

an approximatiory for f as

JF(I) = - Zdl(tn)d}n(x - tn)- (%)
Then the error betweefand f is
@) = f@)] < C'(x + D)3, (6)
so the mean square-error is
E(|f(z) = f(x)]?) < C(m + A)*7?, Q)

whereC = CT'Z.

PCM-style sampling usésbit ADC at one location in each inter-
val of Iength% whereas 1-bit dithered sampling udebit ADCs at
2% locations uniformly distributed at intervals of length= ﬁ
From the “conservation of bits” principle described i, [for

1 < b < k, there exists a dither-based sampling scheme with

not more thar2*~**1, p-bit ADCs in each interval(%, 2t1),,c;
achieving a worst-case reconstruction accuracy of ther oifde*.

In the proposed sampling and quantization scheme develioped
[8], 28 ~¥*1, b-bit ADCs are placed at locatioqs} +m7} for m =
0,...,280*1 — 1 andn € Z,7 = 5. The dither functioni, (=)

is designed such that the suffw) + dy,(z) crosses some level in
every interval of forn{A,,, B,] = [%, % + (2F=*T! — 1)7] [4].

Let m,, € [0,28=%F1 — 1) be the smallest index for whiclf +
dp](% +m,7) and[f +dp] (% + (m,, + 1)7) are on opposite sides
of a quantization thresholg € {0, F 5, ..., F(1— z=)}. Then
from the intermediate value theoreif(z,,) + dy(z,) = L, at some

point z, € (% + m,7, § + (m, + 1)7). Forz, = m, + %,

ILf +db](zn) = [f + dp] (% + 2aT)| < (7 + Ab)[2n — § — 2a7| SO
(G +207) = (= (5 +2am)| < (T +B0)5. (8)

Fy using Propositior2 with ¢,,

% + x, 7, One can reconstruct an

approximationf for f as

F@) = (In = dy(tn))¥n(z — tn). ©)
Then the mean square-error betwgeand f is

E(|f(z) = f(@)]?) < C(m + Ap)*r. (10)

This means that in contrast to PCM-style samplitrjt dithered
scheme is able to decrease the mean square quantizatiop@o
portionally tor2.

3 Random Error Sources

Previous work on sampling schemes have assumed an ideal ADC
so only the effect of quantization error on the reconstarrctc-
curacy is considered. Over the last decade however thegeolta
levels of the circuits have decreased for low-power opanaflhis
decrease together with the improvement in the quantizagioor
requires considering the effect of random error sourcehend-
construction of the sensor field. Random error sources aea @gis
follows [11]:

e Circuit noise: The circuit noise observed at the ADC input
consists of various components such as device noise, con-
ducted noise and radiated noise. Device noise comes from de-
vices like amplifiers and resistors that cannot work efiedyi

in the ADC. Usually, these devices are chosen for specifica-
tions that are unrelated to noise. Another area that canéib

to circuit noise is conducted noise. The origin of conducted
noise is either device noise or emitted noise. It can conma fro
the devices in the analog signal path as well as the power sup-
ply devices. For instance, a switched-mode power supply cre
ates supply noise, which is injected into the sensitive@nal
devices. A third source of error is radiated noise. Commonly
this noise can occur because of the coupling of signals from
two traces that are parallel and in close proximity. Radiate
noise can also come from external electromagnetic interfer
ence signals. Circuit noise is usually modelled as an agditi
zero mean white Gaussian noise with standard deviation much
smaller than the dynamic range of the signal.
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e Aperture uncertainty: In a system where each sample imean-square error is as follows:
taken at the same sensor node, aperture uncertainty results
since the time difference between sampling events flucuate B(|f(z) — 1 Z f(ﬁ)g(x _ ﬁ)‘z) (12)
due to a combination of timing jitter and skew in the mecha- A=A A

nism or clock that triggers sampling. The same effect occurs 1 n
in the spatial sampling because the ADC in different sensors = E(5 > (i + en)g(a — X)F) (13)
do not sample the input signal at the expected precise totati n
and time. The error in location comes from the imperfect spa- — E(i| Z ping(z — ﬁ)|2) (14)
tial localization of the sensor nodes whereas the erronie ti A2 A
results from the synchronization error of the sensor nodets. 1 n. .,
(z4,9:,z;) andty be the location and time nodeshould be +E(p| Zeng(x - X)‘ )
sampled andz}, y;, z;) andt(, be the real location and time "
nodei is sampled. The aperture uncertainty is +E(% Z fimg (& — %) Z engla — %))
(i, yi 2is to) = F (23, i, 24 to). (1) The first term is equal to
i i 1 n 2
The mean difference is expected to be zero. E(F| Z fing(z — X)‘z) =S gz — §)|z (15)

e Comparator ambiguity: This effect is due to the finite speed-or g(x) = sinc(x), the mean-square random error is equal to
of integrated circuit technology being used. The compasate” The effect of random error sources therefore decreasé®eas t
in an ADC have limited ability of resolving an input voltagesampling rate\ increases.
in a certain amount of time due to the finite transistor spegthe second and third terms on the other hand correspond to the
This leads to a trade-off between the sampling rate in tinte & antization error and the cross correlation of quantiragirror
maximum possible resolution of the ADC converter. Baseggd random error. In Sectiéhl, we have seen that the second term
on the assumption that the sampling rate in time is fixed, #6es not tend to zero as the oversampling rate increasesaultas

comparator ambiguity has the same distribution for anyiabag, floor level for some finite rate so is the bottleneck in PCiest
sampling rate. Since the effect of the comparator ambiguiympling.

depends on the ADC design, which may be parallel compara-
tor, successive approximation, counting or delta-modhrdat . .
type, it is usually either ignored or included inside thewit 3-2 Dither-based Sampling Scheme

hoise as an additive white Gaussian noise. The goal of the dither functiow,(x) in dither-based sampling

scheme is to guarantee at least one crossing of a quantizatio

) ) H H m n—+1
Without loss of generality, we assume that the sum of allafees threshold in each intervaly, #5=) for n € Z. The only way to
rors has mean zero. Furthermore, the error at each spatialisg Provide this guarantee is to constrain the sum of the sigia)
point is expected to be independent with the same distdbptiv). @nd the random noisg(z) at each location: to have a limited dy-
Let the variance op(v) be 0. Notice that we don’'t assume any'@mIc range. o _
specific distribution. We have seen that circuit noise is usually modelled as an addi
We assume that the quantization error and the random eerardar tive zero mean white Gaussian noise with standard deviatioch
ditive. This system then becomes very similar to non-setitely Smaller than the dynamic range of the signal. For a variarice
dithered systems. I, it has been shown that the moments of tHjge probability that the circuit noise is more thé@nis smaller than
total error can be made independent of the system inputlsigaa 1079, We can therefore assume that the circuit noise has a maxi-
of one another by carefully choosing the distribution ofledom MUmM magnitude ofo. o
error. However, in ADC, the distribution of the random erisonot COMparator ambiguity can also be upper-bounded for bartelim
known and cannot be controlled. Next, we analyze the effistieo Signals. Since'(z,y, z,1) is bandlimited, there exists, andu;
random error on PCM-style and dither-based sampling sché@mesS° that:

Sections3.1and3.2 1. |F' (2, ys, 2, to)| < s, ¥ nodei

2. |F'(zi,yi, ziy )| < ug, ¥ NOdes
3.1 PCM-Style Sampling Scheme

which results in:

The sampleg (%) are perturbed by an additional ergay such that

f(%) = f(%) + €n + pn, Wherep,, has mean zero and variance
o2, and; andy; are independent far # j. The reconstructed 2. |F(x;,ys, 2, to) — F (i, Y, zi, to)| < we|ty — tol, ¥ nodes

1. |F(x,yi, zi, to) — F(xi, Y3, 2i, to) | < us|z; — 5, V nodeq
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Then if the misplacement and synchronization error is upp& Redundant Dither-Based Sampling
bounded byn, andm, respectively, the resulting error in the sam- Scheme
ple due to aperture uncertainty is upper-bounded;

|F (i, 2i, 1)) — F (i, yi, 2, to)| (16) In Section3, we observed that PCM-style sampling scheme is suc-
cessful at decreasing random error whereas dither-basengc
decreases quantization error. In PCM-style sampling, trang
The errore(z) at locationz has meart, variances? and has a tization error does not tend to zero as the oversamplingirate
limited dynamic range such that creases but reaches a floor level for some finite rate. On tier ot
hand, random error cannot be eliminated in dither-baseglsagn
[f(@) + e(@)] < (1 +U). (17) scheme due to the lack of diversity. This section introdures-
The dither functiond, .(x) is then designed so that the surdundant dither-based scheme that aims at decreasing dw eff
f(z) 4+ e(x) + dp,(x) crosses some level in every interval of formboth quantization and random error effect.
[An, By] = [%,% + (2" — 1)7] forn € Z,A > 1. Since In PCM style sampling, the decrease in sampling intervabr-
|f(z) + e(z)] < (1+U), this is satisfied if the functiod, . is responds to taking more samplesfdf:). In dither-based scheme
designed by normalizingd, by 1 + U. We omit the details due toon the other hand the sampling ratas fixed. The decrease in
space constraints. sampling interval corresponds to finding the value of theam
Letm,, € [0,2%-"+1 —1) be the smallest index for whidlf + e+ with higher accuracy. Therefore, the dither-based scheanebe
dp,e] (% +my,7) and[f +e+dy ] (% + (m, +1)7) are on opposite thought of a spatial quantizer that improves quantizatiooreer-
sides of a quantization threshdlde {0, ?2%, e F(1— 2%)}- formance whereas PCM-style sampling provides more sarsples
From the intermediate value theorefitz,,) + e(z,) + dp.(2,) = more diversity to decrease random errors. It is possibletoahse
l, atsome point,, € ({+m,7, {+(m,+1)7). Forz, = mn+%, both kinds of errors by distributing the task of improving tuan-
tization error and random error among the sensor nodes.

< ug|wh — x| + with — to] < usms + upmy.

n
[f et dpe](zn) = [f + do.e](5 +anT) Let us assume that each sensor node habia ADC. Let us call
n n A > 1 as the sampling rate andas the oversampling rate. Let
= (In — dbve(x +anT)) - f(X +ant), (18) " the number of nodes inside each interval of Iengtbe given by

- = 11y Wherery = 2F27+1 L, > b — 1. The placement of the
f

where the error corresponding to quantization and randonor e :
nodes is as follows:

areg, = [f + db,e}(zn) - [f + db,e}(% + 1777,7—) anden == B(Zn)

respectively. . o Divide each interval of length into r; equal intervals.
By using Propositior2 with ¢,, = ¢ + 2,7, one can reconstruct an
approximationf for f as e Placery, b-bit ADCs at Iocations{rliA + mr} for m =
z 0,1,....rs—l,andn € Z, 7 = ——
F@) = (In = dye(tn))on(z — tn) (19) ’
" e Design dither functioni, ., ,,(z) so that the sumy(z) +
Then the mean square-error betwegeand f is e(x) + dy,r, r,(x) Crosses some level in every interval of the
- form [A,, B,] = [, 2 + (r2 — 1)7].
E(|f(z) — f(=)]*) (20) AT

=B Z(f(t”) Uy — dpet)n(z —t)?) (1) ® Send the level crossing inside each interj),, B,,] to the
- ’ central controller for reconstruction.

= E(] Z(Qn +en)Pn(z = t,)[%) (22) e Central controller estimatef () from the threshold cross-
" ings in intervals(} + i1, % + (i + 1);25)nez for i =
= E(] ani/fn(m —ta)[*) + B Zevﬂ/’n(l’ — t,)[423) 0,1,..,7 — 1. Estimate off(z) is then given byf(z) =

Tl fil)

+E(Z Gm¥m (x - tm) Z en"/)n(x - tn)) 7'1

m n Notice that dither-based scheme corresponds te 1.
<O(m+ Ape)*7? —|—O'2Z [t (2 — 1) (24) Letmi, € [0,r, — 1) be the smallest index for whichf +

n e+ dpe](§ +iny +mpr) and [f + e+ dye]( + iy +
T i 1)7) are on opposite sides of a quantization threshold

+C' (m+ Ap)=F e(zn)Un(x — t, (,mn+ ) )

(m+ A, )2 (‘721, (znJin 2 I, € {0, F 5=, ..., F(1 — z=r)}. From the intermediate value

theorem, f(2%) + e(z}) + dp(2) = 1! at some point! €
(% + iﬁl)\ +mi T, 3+ 2“% + (mi +1)7). Forz!, = m! + %,

whereC" = C’2M. This shows that although dither-based _ .
sampling scheme is successful at decreasing quantizationbs f+e+dvelz,) —[f + db,e](X

increasing oversampling rate it cannot decrease the random er- , _
ror. = (I, = dve(5 +2,7)) — f(

< C(m+0Mp)2 2+ C0% + O (m+ Apo)T, (25)

+ah7)
n

A

n
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’ The mean square error betwegand f is

i iijfj B( (@)~ f@)) 33)
ri—1 ~. T

= (&= g (34)
r1—1 F

n+2
A
e ‘ ]
o%—a h l Q_Q—% 1
-12 T T/ ‘ 1 —1
7 n+2
A

_ E(| Zi:o szf) + ei(x)

?) (36)

S c: e
= (&= 0 | Rz S0

" 2 1 1
0 ri—1 m—1
1%léqsfff%fjjiiﬂg;?;Zéﬁjjj%iiéivi;;% cop T ) D' 6 @), o

r1 T1

The amplitude constraint od, ,, », does not change as a func-
tion of r; andr, but the amplitude change requirement is over
an intervalrot = W% Therefore, the derivativd ,., ,, =
Kri1 220~ for a constant valu&. The quantization error is upper-
bounded as follows from Sectio22 and3.2:

%
i
i
()

@ ’ (@] <O+ Do) (38)
Figure 3: Sampling schemes for dither-based sampling @pan < C'r A2 (w4 K)W (39)
and advanced dither-based sampling (c) and d)); a¥ 1,7, = . T2
8,b=1b)ry =1,ro =4,b=2c)ry = 2,15 =80b = 1d) =C—, (40)
=219 =4,b=2 T2

whereC' = C’w. The inequality39 comes from the fact that
where the error corresponding to quantization and randoon are A2 > 1.

[f +dbe)(2L) = [f + de] (% + zi 7) ande(z!,) respectively. Then the mean-square quantization error is
Fort{ = % + x{,7, one can reconstruct an approximatifyrfor f -1 =1
as E(|Zl:0 qz(x)|2) S E((Zz:(} |QZ(x)|)2) (41)
71 T1
fi(z) = 1 —dy o (t =t 27 cL 1
f( ) zn:( n b, ( n))wn( 77,) ( ) < (Tl TT2 )2 _ CQﬁ (42)
(28) ' :
The mean square random error is
Figure3illustrates the advanced dither-based scheme together wit i i
the dither-based scheme. Yiso €i(T) o ity ei(x)?
) - BE(|==—") =EB==75") (43)
Theorem 1: For the scheme above, the mean-square error is T ry

1 o?

- 1 2 1 < 0/2 2 _ C/2 . 44
B(f@) ~ @) < Cig + G+ Coy (@9) SN =CT (44
2

The cross correlation of quantization error and randonrésro
for some constants C, C and C5.

Proof: We first make some definitions. Let the quantization error Zrl—l ) Z’fl‘l e;() E’.’l‘l e;()
. T . im0 4i(%) 2uj=0 € < g J=0_
in the estimationy; (z) be given byg; (z), E( o - ) < TQ E(] o (5)
qi(r) =32, ([f +dvel(z) = [f + do.e] (X +25,7))05, (2 — 1,{30) <Oyt (46)
T2
Let the random error in the estimatigf(z) be given bye; (z:), whereCs = CE(|e;])
= i)
ei(e) =3 e(h )i (x — th). (31) The upper bound on the mean-square error then follows. .

Notice that the errors are on the same orderif= 7, = /2.
Then the error is equal tgl%(f—}z + Cy0? + C3) so the error is
fi(z) — f(x) = ei(x) + qi(=). (32) (1) for oversampling rate.

Then the error introduced ify(z) is
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5 Ener gy-A CCuracy Trade-off The forwarding algorithm then determines the energy corpsiom
of the scheme. The sensor node at the first level crossindeinsi
We have so fa_r desc_rlbed the error performance of samplggth interval, ie(s ‘H'm% + (mi, + 1)7) e, N,icf0,m 1), has
schemes. In this section, we analyze the energy performaincene level crossing information, which should be forwardedhe
these schemes to understand the trade-off between theira@gyc central controller. The intervals are classified imogroups as
and energy consumption. (% + zrl% + 10,72 — 1]7)pep,n for i € [0,7 — 1]. For each
For a specifi¢), 1,72), the nodes are placed@ +i 5 +57) for i’ [0,r; — 1], the packets are forwarded fromth interval, i.e.
n€Z,iel0,r—1),j €[0,r—1],inwhicht = ——.The (% +i;5 +[0,72 —1]7), ton + 1-thinterval, i.e.("5 +i 15 +
measure of efficiency is defined as the maximum energy consuffipr. — 1]7), for1 < n < N, and fromN-th interval to the central
tion in a node per bit gain. The bit gain that the scheme pem/id controller (Another scheme would be to send in multiple Hoqps
defined to be negative of logarithmic decrease in the meaarsq n-th interval ton + 1-th interval, i.e. from(¢ 4—ir%A +1[0,72 —1]7)

error: to (% + (i+1):5 +[0,72 —17) for 0 < i < r; —1. This
b, — —loa(su E( f(x) — 2 47) however consumes more energy due to the domination of tircui
g ol pIGiR (I z f(x)1| ) (47) energy over the transmission energy at high sampling rafgs
> —log(Ciz + Co T + Cs7) (48) energy consumed in forwarding packetsqath interval is upper-
bounded
The lower bound is equal tglog(r) — log(-$5 + Co0? + Cs) ounded as
for the case where; = r, = r!/2. Therefore, the bit gain is ez < (n—1)(b+109(r2))(2¢eciec + €ampdiyaz)s  (B1)
Q(log(r).

Let N be the number of periods of length that are monitored wheredy,qg is th.e maximum d|stancg beFV\{een a TOd&mn Inter-
by the central controller. The central controller is lochtg the valand a node.mw.r 1'.th '.me”’a" which isy + T1A20T Th.'s en-
location of the rightmost sensor node. The task of each rods jeray gonsumptlon s distributed amorognqdes inside the mtgrval
follows: over time such that the energy consumption per node in faliwgr
_ _ _ is given by 2.
o Determineb-bit quantized value of (x) + e(x) + dy.r..r.(¥)  Finally, the nodes at locatiof: +i— + (m, + 1)7) (1. x) trans-
atits locationz. mit the level crossing information inside their intervattke right,

¢ If the node itself and its left neighbor belong to the same in-
terval (§ + ’n% + [0, 79 — 1]7) for the same: ands, receive
the information about whether a level has been crossedglurithe maximum total energy consumption at a node-ih interval
that interval, which requires-bit, and the value of the level atjs then given as
the left neighbor, which requirésbits.

es = (b+10g(ra2))(€eicc + €ampdimaz)- (52)

€2
. . . = es — 53
e The nodes at the first level crossing inside the inte(¥ak- Ctot Cseapo et o tes (53)

Zm% +(mf +1)T)nep, N, iclo, —1) transmit the level crossing 1

S €s + €ADC + (b + 1)(2eelec + €amp( )a)

information inside their interval to the right accordingtte r1raA20—1
forwarding algorithm, which will be described next. b+lo
o . . +”7( i g(m))@@elec + €ampinaz)
e The nodes forward the level crossing information of the in- T2
tervals on their right to the left according to the forwanglin +(b +log(r2)) (€ctee + €ampdimaz) (54)

Igorithm. . .
algorithm The energy spent in sensing and at the ADC do not depend on

At each node, the energy is consumed in the sensor, ADC-trahe transmission structure so they &rél). The transmission en-
mission and reception of packets. Denote the energy cortsumeergy spent in determining the level crossing is @Xa). Although
sensor by, in ADC by e 4 p¢, in transmitting a bit over a distancethe total amount of data that should be forwarded by the nodes
d by e¢(d) and in receiving a bit by,.. e; ande 4 pc do not depend creases aé(log(r)), the load is distributed among nodes so
onr; andr,. The radio spends;(d) = ecjec + €ampd® to transmit the energy consumed in forwarding packets is negligibledBe
1-bit over a transmission radius @éfunits whereas the radio spendhe level crossing information inside the interval howeneguires
er = eclec 0 receivel-bit, wheree.,.. is the electronics energy,the energy consumption 6f(log(r,)), which cannot be distributed
€amp 1S the amplifier energy and is the attenuation constant.  among the nodes. Thereforg,; is O(log(r2)) soO(log(r)). The
In determining the level crossing inside each intefyah- zn% + maximum energy consumption in a node per bit gain is theeefor
(0,79 — 1]7)nepi, N iclo,rm —1], the node receives and transmits the(1).

information about whether a level has been crossed duraigrih

terval together with the value of the level at the left neighbver L.

the distancer. The first part of energy consumption in a node @ Rate of Data Transmission

then upper bounded as o ) _
The energy consumption is determined by the density of tlesio

er < (b4 1)(ectee + €ampT™ + €clec) (49)  that determines the precision of the quantization,sie The den-
= (b+ 1)(2€ciec + eamp(m)a). (50) sity of the nodes that provides diversity for improving thketance
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to random errors of the ADC on the other hand affects the itate E3]
which the data is delivered in the network. The time duratmn

determine the level crossing inside each interval is pribqaal to

(b + 1)ro whereas the time duration required for data forwardin
is proportional tor log(r2). (It can be easily shown that the sam
behavior is observed even in multi-hop forwarding strafedyhe

bit rate to the central processor is theref()]’(%m).

(5]
7 Fault Tolerance

As stated in §], the dither-based scheme offers robustness to noqg]
failures in terms of a graceful degradation of reconstaucgrror.

If every alternate node fails, the effective node sepamatiould
increase t@r. This has the same effect as halving the node density
ro. The same dither function continues to work since it does not
depend onr,. The nodes will use higher power to determine thd7]
threshold crossing inside their interval but the same paweslay
the samples to the central controller.

8 Conclusion

We have addressed the effect of the errors occurring at tlegn
to-digital converter (ADC), from quantization noise, ciitnoise,
aperture uncertainty and comparator ambiguity, on theracgu
of sensor field reconstruction. It has previously been shthab [10]
PCM-style sampling fails to decrease the quantizationrexibove
some finite sampling rate. In this paper, we have demondtthge

the dither-based scheme fails to decrease random errorgrdd/e
pose an advanced dither-based sampling to reduce both &fnds
errors. It is based on distributing the density of the nodesrh- [11]
proving the quantization error and random error. The erfdh®
proposed scheme '@(ﬁ) for oversampling rate. The maxi-
mum energy consumption in a node per bit gai@{g). Moreover,

the bit rate of the scheme @(W) and it offers robustness

to node failures in terms of a graceful degradation of recanson
error.

The analysis of this paper for 1-D spatially bandlimitedsseriield

has provided us tremendous insight for the effect of ADC im-sa
pling. In the future, we plan to extend this work f&D spatio-
temporal sampling. Another direction is to explore the @ftd the

ADC errors on estimating a relevant function of the senstd fire
stead of the sensor field itself. We are planning to study theust

of energy that can be saved for specific functions such aslesic

ing the mean or maximum of the field or specific tasks such as
detection, classification or localization.

References

[1] P. Ishwar A. Kumar and K. Ramchandran. On distributed
sampling of smooth non-bandlimited fields. IIRSN, pages
89-98, 2004.

[2] W. R. Bennett. Spectra of quantized signalBell System
Tehnical Journal, 27:446-472, July 1948.

Z. Cvetkovic. Resilience properties of redundant exgiains
under additive noise and quantizatidEEE Transactions on
Information Theory, 49(3):644—656, March 2003.

4] Z. Cvetkovic and I. Daubechies. Single-bit oversampaés

conversion with exponential accuracy in the bit rateDhia
Compression Conference, pages 343—-352, March 2000.

Z. Cvetkovic and M. Vetterli. On simple oversampled adthe
version in/?(R). IEEE Transactions on Information Theory,
47(1):146-154, January 2001.

Z. Cvetkovic and M. Vetterli. Error-rate charactercstiof
oversampled analog-to-digital conversionEEE Transac-
tions on Information Theory, 44(5):1961-1964, September
1998.

|. Daubechies. Ten Lectures on Wavelets.
SIAM.

Philadelphia:

[8] A. Kumar P. Ishwar and K. Ramchandran. Distributed sam-

pling for dense sensor networks: A bit-conservation ppleci
In IPSN, pages 17-31, 2003.

[9] J. Vanderkooy R. A. Wannamaker, S. P. Lipshitz and J. N.

Wright. A theory of nonsubtractive dithdiEEE Transactions
on Signal Processing, 48(2):499-516, February 2000.

N. T. Thao and M. Vetterli. Deterministic analysis ofesv
sampled a/d conversion and decoding improvement based on
consistent estimated EEE Transactions on Sgnal Process-

ing, 42(3):519-530, March 1994.

R. H. Walden. Analog-to-digital converter survey anmdhby-
sis. |EEE Journal on Selected Areas in Communications,
17(4):539-550, April 1999.



	Introduction
	System Model
	PCM-Style Sampling Scheme
	Dither-based Sampling Scheme

	Random Error Sources
	PCM-Style Sampling Scheme
	Dither-based Sampling Scheme

	Redundant Dither-Based Sampling Scheme
	Energy-Accuracy Trade-off
	Rate of Data Transmission
	Fault Tolerance
	Conclusion

